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Abstract
It is shown that in 2+1 dimensions the Fermi-Walker gauge allows the
general solution of the problem of determining the metric from the sources
in terms of simple quadratures. This technique is used to solve the prob-
lem of the occurrence of closed time like curves (CTC’s) in stationary
solutions. In fact the Fermi-Walker gauge, due to its physical nature,
allows to exploit the weak energy condition and in this connection it is
proved that, both for open and closed universes with axial symmetry, the
energy condition imply the total absence of closed time like curves. The
extension of this theorem to the general stationary problem, in absence of
axial symmetry is considered and at present the proof of such generaliza-
tion is subject to some assumptions on the behavior of the determinant
of the dreibeins in this gauge.
In the first order formalism the Fermi-Walker gauge is defined by
∑
i
ξiΓabi = 0 ;
∑
i
ξieai =
∑
i
ξiδai . (1)
Regularity conditions at the space origin ξi = 0 imply
Γabi(0, t) = 0, e
a
i (0, t) = δ
a
i . (2)
Eqs.(1) are solved by the following formulas
Γabi(ξ) = ξ
j
∫ 1
0
Rabji(λξ, t)λdλ ; Γ
a
b0(ξ) = Γ
a
b0(0, t) + ξ
i
∫ 1
0
Rabi0(λξ, t)dλ, (3)
ea0(ξ) = δ
a
0 + ξ
i
∫ 1
0
Γai0(λξ, t)dλ ; e
a
i (ξ) = δ
a
i + ξ
j
∫ 1
0
Γaji(λξ, t)λdλ, (4)
being Rabji the curvature.
In 2 + 1 dimensions a simplifying feature occurs because the Riemann tensor, being
a linear function of the Ricci tensor, can be written directly in terms of the energy-
momentum tensor
εabcR
ab = −2κTc. (5)
Thus also in the time dependent case eqs.(3,4) provide a solution by quadrature of
Einstein’s equations. Nevertheless one has to keep in mind that the solving formulas
are true only in the Fermi-Walker gauge, in which the energy momentum tensor is not
1
an arbitrary function of the coordinates but it is subject to the covariant conservation
law and symmetry property that are summarized by the equations
DT a = 0 and εabcT
b
∧ ec = 0. (6)
It will be useful as done in ref. [2] to introduce the cotangent vectors Tµ =
∂ξ0
∂ξµ
,
Pµ =
∂ρ
∂ξµ
and Θµ = ρ
∂θ
∂ξµ
where ρ and θ are the polar variables in the (ξ1, ξ2) plane.
In addition we notice that in 2 + 1 dimensions the most general form of a connection
satisfying eq. (1) is
Γabµ (ξ) = ε
abcεµρνP
ρAνc (ξ). (7)
The covariant conservation equation is already satisfied while writing Aνc in the form
[2]
Aρc(ξ) = Tc
[
Θρβ1 + T
ρ (β2 − 1)
ρ
]
+Θc
[
Θρα1 + T
ρα2
ρ
]
+ Pc
[
Θργ1 + T
ργ2
ρ
]
, (8)
the symmetry constraint gives
A1α2 − A2α1 +B2β1 − B1β2 = 0 (9)
A2γ1 − A1γ2 +
∂B1
∂θ
−
∂B2
∂t
= 0 (10)
B2γ1 − B1γ2 +
∂A1
∂θ
−
∂A2
∂t
= 0, (11)
where A1 + 1, B1, A2, B2 are the primitives of α1, β1, α2, β1. The previous equations
can be solved by means of simple quadratures in the time depedent case in presence of
rotational symmetry or in the stationary case, in both cases with complete control of
the support of the energy momentum tensor [2]. Moreover in the stationary case the
projection technique due to Geroch [6] allows to deduce from the completeness of such
a projection the completeness of the Fermi-Walker coordinate system.
In the stationary case for example, the explicit solution by quadrature given the
α1, β1, γ1 is [2]
α2 =
B21
B21 − A
2
1
∂
∂ρ
(
N
B1
)
+ 2α1I (12)
β2 =
A21
B21 −A
2
1
∂
∂ρ
(
N
A1
)
+ 2β1I (13)
γ2 =
B21
B21 −A
2
1
∂
∂θ
(
A1
B1
)
+ 2γ1I, (14)
2
where
I =
∫ ρ
0
dρ′
N(A1β1 − B1α1)
(B21 − A
2
1)
2
; N =
1
2γ1
∂
∂θ
(A21 −B
2
1) (15)
while the support conditions for the energy momentum tensor are
β21 − α
2
1 − γ
2
1 = const. (16)
α1B1 − β1A1 = const. (17)
outside the sources. Such support equations are related to some Lorentz and Poincare´
holonomies [2].
The techniques outlined above turns out to be a powerful tool in investigating the
problem of the occurence of CTCs in 2+1 dimensions [1,2,4,5] . In ref. [1] the following
“Kerr” solution in 2+1 dimensions was derived
ds2 = −(dt+ 4GJdθ)2 + dr2 + (1− 4GM)2r2dθ2, (18)
which has the embarassing feature of having CTCs near the source. The Fermi-Walker
gauge due to its physical meaning allows to exploit the weak energy conditions (WEC),
to show that the functions
E(±)(ρ) ≡ (B2 ±A2)(α1 ± β1)− (α2 ± β2)(B1 ±A1) (19)
are non increasing in ρ. From this result the following theorem follows [2]:
For a stationary open universe with axial symmetry if the matter sources satisfy the
WEC and there are no CTC at space infinity, then there are no CTC at all. Thus the
“singular source” related to (18) does not satisfy the WEC.
With the same techniques the theorem on the absence of CTC’s can also be proved for
all closed stationary universes with axial symmetry. With regard to the extension to
non axially-symmetric stationary universes at present the proof goes through provided
det(e) in the Fermi-Walker gauge never vanishes.
3
REFERENCES
[1] Deser S., Jackiw R. and ‘t Hooft G., Ann. Phys.(N.Y.) 152 (1984) 220.
[2] Menotti P. and Seminara D., Ann. Phys. (N.Y.) 208 (1991) 449; Nucl. Phys. B376
(1992) 411; Phys. Lett. B 301 25; Nucl. Phys. B419 (1994) 189; “Energy theorem
for 2+1 dimensional gravity” Preprint MIT-CTP # 234 IFUP-TH-33/94; “Fermi-
Walker coordinates in 2+1 dimensional gravity” in preparation.
[3] Fermi E., Atti Accad. Naz. Lincei Cl. Sci. Fis. Mat. & Nat. 31 (1922) 184, 306;
Walker A.G., Proc. London Math. Soc. 42 (1932) 90.
[4] Carroll S. M., Farhi E., Guth A. H. and Olum K. O. “ Energy-momentum tensor
restrictions on the creation of Gott-time machine”, CTP # 2252, gr-qc/9404065.
[5] ’t Hooft G., Class. Quantum Grav. 9 (1992) 1335; Class. Quantum Grav. 10 (1993)
1023.
[6] Geroch R., J.Math.Phys. 12 (1971) 918.
4
